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Abstract
Many real-world systems are governed by the time-
dependent, nonlinear differential equations. Dynamics of
an electrical system are also best described using the very
equations. Being one of the preferred machines when using
advanced control algorithms for electric drives, DC motor
has been selected for position tracking. Defining dynamic
equations of the motor derived from the theory of nonlinear
equations, aided our simulations by overcoming the time
dependency that might not be addressed satisfactorily using
regular control topologies. We incorporated integrator
backstepping methodology along with a Multilevel Diode
Clamped Inverter to develop full state feedback (FSFB)
position tracking controller. The results thus obtained by
using the integrator backstepping algorithm along with
multilevel inverter were compared to the output of ideal
case circuit that generated results based on integrator
backstepping algorithm alone. Simulation results provide
further validation with control topology being investigated
for the ideal circuit and the inverter circuit.
Keywords: Integrator backstepping, adaptive nonlin-
ear control, position tracking, DC motor, motor control,
multi-level inverter, diode clamping, pulse width modula-
tion, PWM invertors, capacitors, voltage source inverter.
I INTRODUCTION
Precision control is a vital aspect when dealing with high
performance drive applications such as robotics, machine
tools, rolling mills, and flying shears. They require high
bandwidth drives which are insensitive to variations in op-
erating conditions. Structural composition of these high-
performance drives can be classified into three sections: an
electrical subsystem, mechanical subsystem, and an elec-
tromechanical torque coupling of motor. The electrical sub-
system dynamics are often neglected, for control simplifi-
cation, as they are inherently faster than the subsequent me-
chanical subsystem dynamics [3]. An example of this con-
trol simplification is the common assumption that torque is
the control input to the motor which is not the case in real-
world systems. Even though the electrical dynamics are
faster, they are defined by the nonlinear differential equa-
tions and are time dependent and hence cannot be neglected.
Many real-world systems are found to be non-linear and
time-dependent which are also governed by nonlinear dif-
ferential equations. Hence a nonlinear control approach us-
ing Integrator Backstepping [3] has been used to develop
an adaptive control topology for achieving mechanical load
position tacking objective. But attaining position tracking
solely based on the control algorithm and backstepping is
empirically not feasible. The reason for that is position
tracking of load requires voltage control at high frequen-
cies, and it should also address the harmonics and affects
thus generated. Implementation of the nonlinear control al-
gorithm can be facilitated with the help of a Diode Clamped
Multilevel Inverter (DCMLI). Ability to incorporate pulse
width modulation techniques along with advantages of pro-
ducing high efficiency output, and the capability to perform
the switching operations at the fundamental frequency mo-
tivated in selecting DCMLI [1] [2]. More over in multilevel
inverters, as the number of inverter levels increases, the har-
monic content decreases there by avoiding the need for fil-
ters [6].
The proceedings of our work are organized in the paper
as follows. Section II shows the electrical and mechanical
system models, and presents their mathematical representa-
tion. Working of a basic H-bridge inverter along with the
operational standpoints of the diode clamped multilevel in-
verter and workings of the proposed control topology are
described in section III. Development, design aspects of
the control algorithm and analysis of their stability are ad-
dressed in Section IV. Finally, simulation results and con-
clusions are presented in sections V and VI respectively.
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Figure 1: Motor Load Configuration
II SYSTEMMODEL
Brushed DC motor with single joint mechanical load,
and their corresponding dynamic equations are discussed in
this section. Figure. 1 shows the equivalent circuit model
of a Brushed DC motor along with the representation of
mechanical arm load. The electrical subsystem has static
and the dynamic components of the motor. Stator circuit of
the DC motor has a series connection of resistor (R) and
an inductance (L) while the rotor circuit contains brushes
(Bo, B1) with an initial inertia of J , and a back-EMF coef-
ficient of KB [3].
As shown in the figure. 1, objective of the motor is to
control the movement of mechanical load, of length l and
a mass of m0 and m1, such that it follows a predetermined
path (qd). To make sure that load follows the required path,
motor will be fed with an input voltage that is obtained by
the controlled switching of a Voltage Source Inverter, about
which we would discuss in the next section.
The electrical subsystem dynamics of the system are ex-
pressed mathematically [3] as follows.
L I˙ = V − IR− q˙KB (1)
Where, V is the input voltage applied to the motor that
includes the amplitude modulation ratio (u), given by the
ratio of input and reference voltages [5], q˙(t) is the angular
load velocity, KB is the back-EMF coefficient, I(t) is the
rotor current and I˙(t) is the first derivative of rotor current.
The mechanical subsystem dynamics of our position de-
pendent load actuated by a brushed DC motor [3] are as-
sumed to be in the form of
Mq¨ +Bq˙ +Nsin(q) = I (2)
Where M,B,N are constant lumped inertia, fric-
tion coefficient, and lumped load term respectively.
In this model, we assume that all the parameters
(M,B,N,L,R, and KB) to be constant and they are also
defined to include the effects of torque coefficient constant
which characterizes the electromechanical conversion of ro-
tor current to torque [3].
III VOLTAGE SOURCE INVERTER
III.a H-Bridge inverter
An inverter is an array of power semiconductors and ca-
pacitor voltage sources, the output of which generates volt-
ages with stepped waveforms.
Figure 2: H-bridge Inverter
Figure. 2 shows the schematic of H-bridge inverter, a
basic circuit that is used to convert DC to AC. In this circuit,
each switching semiconductor device is replaced by an ideal
switch. Table. 1 illustrates the operation of the inverter and
the corresponding output voltages that are obtained because
of the switching operations.
The output voltage thus obtained because of the full-
bridge inverter is a square wave with only three voltage lev-
els (+Vdc, 0, −Vdc). To obtain an output that is similar to
sinusoidal wave form, we must increase the number of volt-
age levels that are included in the output voltage. For that
reason, we employ a multilevel inverter with diodes serving
as voltage clampers.
Table 1: Operation of H-bridge inverter
Switches Closed Output Voltage (Vo)
S1 and S2 +Vdc
S3 and S4 -Vdc
S1 and S3 0
S2 and S4 0
III.b Multilevel diode clamped Inverter
Figure. 3 shows the circuit of a Diode Clamped
Multilevel Inverter (DCMLI), also called as Neutral-Point
Clamped (NPC) inverter. Unlike the full bridge inverter,
DCMLI consists four switching elements in each power leg.
DC source voltage that is fed into the circuit will split into
five levels (+Vdc, +Vdc2 , 0,
−Vdc
2 ,−Vdc) with the help of the
PWM switching scheme. However, switching schemes of
multilevel inverter tend to produce redundancies in volt-
age levels, meaning more than one switch combinations can
generate the same output voltage level (line-to-line voltage).
Care must be taken such that the redundancies are incorpo-
rated in the scheme and are addressed without unbalancing
the voltage levels of capacitors.
Figure 3: Diode clamped Multilevel Inverter
To control the switching operation of the inverter circuit
effectively, a level shifted Sinusoidal Pulse Width Modu-
lation (LSPWM) scheme is employed. The operation of
LSPWM is explained in subsection ‘C’. The DC source
voltage fed into the circuit is nearly constant and the am-
plitude of AC output voltage is controlled by adjusting the
PWM ratio of the VSI. PMW ratio often varies with the de-
livered power, with higher ratio corresponding to the higher
power. For each switching element, Qn shown in DCMLI
circuit, a logical input signal, Sn, (whose value is either 0 or
1) is defined. Here Sn = 0 denotes an “off state” and Sn = 1
denotes “on state”. For the proposed switching scheme, the
switches are employed in complementary pairs [6] such that
turning on one of the switches will exclude other switches
from turning on i.e. S1 = S¯3, S2 = S¯4, S5 = S¯7, S6 = S¯8.
Table. 2 shows the switching configuration used for the cir-
cuit.
Table 2: Switching Logic of the Inverter Circuit
State S1, S¯3 S2, S¯4 S5, S¯7 S6, S¯8 Vout
0 0 0 1 1 −Vdc
1a 0 1 1 1 −Vdc/2
1b 0 0 0 1 −Vdc/2
2 0 1 0 1 0
3a 0 1 0 0 Vdc/2
3b 1 1 0 1 Vdc/2
4 1 1 0 0 Vdc
Table 3: Simulation parameters [3]
Resistance (R) 5Ω Load length (l) 0.305 [m]
Inductance (L) 25∗10−3 [H] Radius of load (ro ) 0.023 [m]
Constant controller Gain 35 Back EMF (KB ) 0.9 [N-m/A]
(α)
Mass of the link (Mo ) 0.434 [Kg] Mass of the load (M1 ) 0.506 [Kg]
Controller gain(Ks ) 10 Controller gain(Ke ) 1
Adaptive gain matrix diag Adaptive gain matrix
[Γτ ] {0.01, 5, 5} [Γe] 0.01*I6X6
Coefficient characterizing
Graviatational force the electromechanical 0.9 N-m/A
acting on load [G] 9.81 [Kg-m/sec2 ] torque conversion
(Kτ )
Where dig{.} represents a diagonal matrix and I6X6 is
an identity matrix of size 6X6.
The output voltage waveform obtained because of the
inverter switching is similar to the reference waveform as
shown in figure. 5. The redundant states 1a, 1b, and 3a, 3b
are implemented such that the states 1a, 1b are executed al-
ternatively i.e. when a voltage level of (−Vdc/2) is obtained
the first time, the switching configuration corresponding to
the state 1a is executed whereas the state 1b is executed the
next time when (−Vdc/2) is obtained. This way the scheme
ensures that the bus splitting capacitors are evenly loaded.
To perform the simulations, we need to derive the elec-
trical and mechanical system parameters likeM,B,N . The
parameters required are as given in the table. 3.
III.c Level-shifted Sinusoidal PWM
Being one of the frequently employed techniques for tra-
ditional multilevel inverters, LSPWM technique serves as
one of the path ways to decrease the total harmonic distor-
tions of load current. Using this method, we can also control
the switching operations thereby providing the flexibility to
control the output voltage.
Figure 4: Level shifted sinusoidal PWM technique
Figure 5: PWM output
When an N-level inverter is employed, we need N-1 car-
rier signals [1] and all of them should have the same fre-
quency, fc, and same peak-to-peak amplitude. The zero
reference will be set in the middle of the carrier signals. At
Table 4: Operating principle of PWM scheme [1]
Comparision Output
Carrier signal > Reference signal 1
All other conditions 0
every instant of time the level shifted carrier signals (trian-
gular) are compared with a reference sinusoidal signal giv-
ing us the corresponding output voltage as show in table.
4. Later, at a given instant, all the output voltages thus ob-
tained are added to obtain the final output voltage of the
inverter (in the range of 0 to 4), giving five voltage levels as
show in the figure. 5.
IV Adaptive Controller Design
A nonlinear controller for position tracking is to be de-
veloped for the DC motor as described in the section above
such that q(t) → qd(t) as t → ∞. In the condition where
load path does not follow the desired path, we define load
position tracking error e(t) as.
e = qd − q (3)
The desired position trajectory is selected as [3],
qd(t) =
pi
2
(1− e−0.1t3) sin(8pi
5
t) (4)
To simplify the control algorithm formulation, we define
filtered link tracking error, r(t), as
r = e˙+ αe (5)
Where α = positive controller gain
Before proceeding any further, for mathematical calcu-
lations we make the following assumption: qd(t), q(t) and
all its derivatives are continuous and bounded functions of
time, resulting in e and r to be bounded.
The filtered tracking term, r, allows us to analyze the
second order system as if it is a first order. To form the
open loop filtered tracking error system, we differentiate the
equation (4) with respect to time, we get
r˙ = e¨+ αe˙
Substituting (3) in the above equation, we get
r˙ = q¨d − q¨ + αe˙ (6)
(6) ∗M →Mr˙ = M(q¨d + αe˙) + q¨M
From equation (2) we have,
−Mq¨ = Bq˙ +N sin(q)− I
Mr˙ = M(q¨d + αe˙) +Bq˙ +N sin(q)− I (7)
We can rewrite the equation (7) in matrix form as
Mr˙ = Wτθτ − I (8)
where Wτ and θτ are the Regression Matrix and Parameter
vector respectively, given by the equations 9 and 10.
Wτ = [q¨d + αe˙ q˙ sin(q)] (9)
θτ = [M B N ]
T (10)
The mechanical subsystem error dynamics lack a true
current (torque) control input. For this reason, we shall add
and subtract the desired current trajectory Id(t) to the right-
hand side of equation (8)
Mr˙ = Wτθτ − Id + ηI (11)
ηI = Id − I (12)
The above procedure of adding and subtracting the con-
trol input Id(t) is referred as Integrator Backstepping. Id(t)
is designed such that it would provide a good position track-
ing for mechanical systems (assuming it could be applied to
the load).
Considering the parametric uncertainty, we now design
adaptive desired current trajectory for the mechanical dy-
namics of equation (11). Select Id(t) as,
Id = Wτ θˆτ +Ksr (13)
θˆτ ∈ R3 represents dynamic estimate for the unknown pa-
rameter vector θτ defined in equation (10)
The parameter estimate θˆτ (t) defined in equation (13) is
updated online according to the following adaptation law.
θˆτ =
∫ t
0
Γτ Wτ (σ) r(σ) dσ (14)
Where Γτ ∈ R3X3 is a Diagonal adaptive gain matrix
(positive constant & definite)
Define mismatch between θˆτ and θτ as
θ˜τ = θτ − θˆτ (15)
Substituting (14) in (15) and differentiating it with time,
we get
d
dx θ˜τ =
d
dxθτ − ddx
[ ∫ t
0
Γτ Wτ (σ) r(σ) dσ
]
˙˜
θτ = −Γτ WTτ r (16)
Substituting (13) in (11), we get
Mr˙ = Wτ θ˜τ −Ksr + ηI (17)
Time derivative of the equation (13) results in
I˙d = W˙τ θˆτ +Wτ
˙ˆ
θτ +Ksr˙ (18)
Substituting (9), (10) and (14) in the above equation,
I˙d = Mˆ
[ ...
qd + α(q¨d − q¨)
]
+ Bˆ q¨
+Nˆ q˙ cos(q) +Wτ Γτ W
T
τ r
+Ks (q¨d − q¨ + α e˙) (19)
Where Mˆ, Bˆ, Nˆ denotes scalar components of the vector
θˆτ
θˆτ = [ Mˆ Bˆ Nˆ ]
T (20)
Equation (12) is given by
ηI = Id − I
Differentiating with respect to time and after necessary
algebra we get the linear parameterized open-loop model of
the form,
L η˙I = W1 θ1 − v (21)
The known regression matrix W1 (q, q˙, I, θˆτ , t) ∈ R1X6
and the unknown vector θ1 ∈ R6 are defined as follows,
θ1 =
[ L
M
LB
M
R KB
LB
M
L
]T
(22)
W1 = [W11 W12 W13 W14 W15 W16]
Elements of the regression matrix W1 are given by,
W11 = BˆI −KsI − αMˆI
W12 = Ksq˙ − Bˆq˙ − αMˆq˙
W13 = I
W14 = q˙
W15 = Ks sin(q)− Bˆ sin(q) + αMˆ sin(q)
W16 = Mˆ
...
qd + α Mˆ q¨d + Wτ Γτ W
T
τ r +
Ks q¨d +Ks α e˙+ Nˆ q˙ cos(q)
The control input voltage V is derived [3] from the equa-
tion below,
V = W1 θˆ1 + Ke ηI + r (23)
Where, θˆ1 =
∫ t
0
Γe W
T
1 (σ) ηI(σ) dσ (24)
Γe ∈ R6X6 = Adaptive gain diagonal matrix (positive
definite).
IV.a Stability Analysis
We analyze stability of the given system to determine
whether the given system is running towards stability or not
without exploding out to infinity, which is highly undesired
in daily practice. Our primary objective is position track-
ing i.e. to make q(t) → qd(t). Initially a the Lyapunov
candidate will be defined to prove the stability of the en-
tire system. Later a few theorems to prove the nature of the
equations will be defined along with corresponding mathe-
matical proofs. For a complete analysis on the stability of
the system, readers are directed to reference publication [3]
where the required background has been defined.
V Simulation Results
MATLAB/Simulink environment along with the PLECS
Blockset module were used to construct and perform the
simulations on our circuits. The results were used to further
validate the control algorithm developed. The development
of electromechanical circuits for both systems is facilitated
by the equations derived in section IV.
V.a Results in ideal case
Model of the system is constructed using the MAT-
LAB/Simulink environment per the dynamic equations (1)
and (2). The initial load position and the initial values of
voltage, current are given as input to the electrical subsys-
tem. Current output thus obtained from the electrical sub-
system together with the load position serve as input to the
mechanical subsystem. The desired path and current wave
forms, acting as reference points, are developed based on
the equations defined in (4) and (13).
Figure 6: Position tracking error signal of ideal case circuit
Whenever there is an error signal generated from the
mismatch between the reference and the actual signals, it is
redirected to the control algorithm which updates the value
of output voltage thereby minimizing the error values. This
voltage is then passed on directly to the motor, serving as
input to motor. Because of the updated input, motor current
there by the torque thus generated are varied, manipulating
the position of the mechanical load. Figure. 6 shows the po-
sition tracking error signal obtained from the ideal circuit.
V.b Results of Diode Clamped Inverter
Figure 7: Trajectories of actual path and the desired paths
While using the inverter, instead of directing the output
of voltage control algorithm to motor, we diverted it to the
inverter and because of inverter’s switching operations, a
near sinusoidal output voltage wave form is obtained.
Figure 8: Position Tracking error values obtained after including
DCMLI
Figure 9: Comparison of error values -Ideal case circuit and inverter circuit
Figure 10: Current tracking error
This inverter output is then given as input to the motor
eliminating our primary obstacles, harmonics and common
mode voltages. PLECS Blockset was used to model the
circuit of multilevel diode clamped inverter as described in
Section III. The output thus generated by the inverter is now
given as input to the motor circuit and the results obtained
are as shown in the figures 7 through 11.
Graph in the figure. 7 shows combined waveforms of
actual path qd(t) and the path followed by the motor q(t).
Even though both the desired and actual paths seem to be
overlapping in the figure. 7 there are a few error values be-
cause of position tracking algorithm, seen in figure. 8. But
the error signal is gradually reduced to a near zero value
proving the working capability of inverter and control algo-
rithm developed. Moreover, from the plot shown in figure. 9
we can see that the error values generated by the simulation
of DCMLI are as low as the error values of the ideal case
circuit. From the figures 7, 9, and 8 we can conclude that
q(t) → qd(t) as t → ∞ signifying that position tracking
objective is achieved by the DCMLI circuit as good as the
ideal case circuit.
The waveforms shown in figure. 11 are the current sig-
nals generated from the filtered tracking error term defined
in section IV. This graph shows successful implementation
of current tracking objective. Like position tracking error
signal, this wave form started at peak error values and sta-
bilized gradually as time (t) → ∞. The wave form for the
error values of current tracking is plotted in figure 10. From
figures 10 and 11 it can be seen that the objective of current
tracking is also achieved i.e., I(t)→ Id(t) as t→∞.
Figure 11: Current waveform tracking
VI Conclusion
A multilevel diode clamped inverter has been developed
for a brushed DC motor. Use of level shifted sinusoidal
PWM to govern the inverter, proved to be a reliable way to
implement the position tracking objective by tracing down
the error values to a minimum, also close to the ideal cir-
cuit. Integration of a multilevel inverter and integrator back
stepping methodology eliminated the need for costly sen-
sors and allows the controller to operate solely on the sys-
tem dynamic equations. As explained in the chapter 2 of
the cited book [1], the stability of the equations considered
and developed in this paper are proved. It has been proved
via simulations that a diode clamped multilevel inverter can
utilize the brushed dc motor effectively. Future work will
include developing an experimental setup to further validate
the proposed topology and extending our work towards in-
duction motors, synchronous machines etc.
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